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This study investigates the inherent irreversibility in a rectangular slab with temperature-dependent internal

heating. It is assumed that the slab external surfaces are subjected to asymmetric heat exchangewith the surrounding

medium. The simplified governing equation for energy balance in Cartesian coordinates is solved analytically and

expedites to obtain expressions for the temperature field, thermal stability criterion, volumetric entropy generation

number, and irreversibility distribution ratio. Graphical results are presented and discussed quantitatively. It is

found that the local and total entropy generation rates in the slab can be minimized for certain combinations of the

heat transfer parameters.

Nomenclature

a = temperature dependency of heat generation parameter
Bi1 = slab left face Biot number
Bi2 = slab right face Biot number
H = the slab area
h1 = slab left face heat transfer coefficient
h2 = slab right face heat transfer coefficient
k = constant thermal conductivity
L = half-thickness of the solid slab
Q = internal heat generation parameter
_qr = reference heat generation

_S000 = volumetric rate of entropy generation
T = temperature
Tr = reference temperature
T1 = slab left face temperature
T2 = slab right face temperature
X = nondimensional coordinate
x = Cartesian coordinate
� = heat generation constant
� = nondimensional temperature
� = temperature asymmetry parameter
� = temperature difference parameter

I. Introduction

T HE problem of heat conduction in a solid slab with internal heat
generation is of fundamental importance in many engineering

applications. These include heat transfer gauges, thermal insulations,
metal casting, ice formation, thermal control of space vehicles, etc.
[1,2]. For instance, the reduction of structural damage caused by
aerodynamic heating in space vehicles has been given an increasing
amount of attention. To protect space vehicles, a variety of design
methods have been used in practice; these include the use of heat
sinks, transpiration cooling, and mass-transfer cooling.

Moreover, the elementary analysis of one-dimensional steady-
state conduction in a slab with constant and uniform internal heat
generation can be found in many heat transfer textbooks [3,4]. The
temperature distribution in a slab for the more general case of
temperature-dependent internal heat generation has been presented
by Gebhart [5]. He also discussed the criterion that must be met
to avoid thermal instability, which may lead to thermal destruction
of the slab due to excessively high temperatures. Cheung et al. [6]
investigated the problem of one-dimensional heat conduction within
a finite slab that was subjected to a realistic laser pulse profile. It was
found that both surface convection and material properties affect
the peak temperature location within the slab over time. Their results
provide an improved model of laser heating at a surface by com-
bining a spatially and temporally decaying laser pulse with a finite
slab. The optimum dimension and heat conduction in an extended
surface operating in a convective environment was investigated by
Aziz [7].

Moreover, it is now widely recognized that heat transfer problems
that were previously studied using the first law of thermodynamics
can be reexamined in the light of the second law of thermodynamics,
so that thermal systems can be designed with the objective of
minimizing thermodynamic irreversibility. This design method-
ology, known as entropy generation minimization, is comprehen-
sively covered in Bejan [8]. One theoretically correct measure of
thermodynamic performance is the magnitude of thermodynamic
irreversibility associated with a component or process. It can be
shown that the minimization of entropy generation also results in the
maximum reduction of irreversibility. The development of improved
thermal designs is enhanced by the ability to identify clearly the
source and location of entropy generation. Many studies have been
published to assess the sources of irreversibility in components and
systems. Khan et al. [9] analyzed the minimization of the entropy
generation of a tube bank in cross flow. Ibanez et al. [10] investi-
gated the unsteady entropy generation rate due to an instantaneous
internal heat generation in a solid slab. Their results revealed that a
direct relationship exists between the basic heat transfer mechanics:
heat conduction, heat convection, and internal heat generation. Other
applications of second law analysis can be found in [11–14].

The objective of this study is to investigate the heat conduction
process and entropy generation in an asymmetrically cooled, one-
dimensional slab experiencing internal heat generation that is a linear
function of temperature. The thermal stability criterion is discussed.
Results for the temperature distribution, location of maximum
temperature, local rate of entropy generation, and total entropy gene-
rated in the slab are presented, illustrating the effects of heat gene-
ration parameters, a temperature difference parameter, and the Biot
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numbers characterizing the convection processes on the two faces
of the slab. In the following sections, the problem is formulated,
analyzed, and solved. The results are presented graphically and
discussed quantitatively.

II. Energy Analysis

Consider a one-dimensional slab of thicknessLmade of amaterial
with uniform and constant thermal conductivity k (see Fig. 1).

The slab is experiencing internal heat generation, which is a linear
function of temperature, that is,

_q� _qr�1� ��T � Tr�� (1)

where _qr is the heat generation at reference temperature Tr, and � is
a constant. The left face (x� 0) is cooled by a convection process
characterized by the coolant temperature T1 and heat transfer
coefficient h1. The right face of the slab is cooled by a convection
process characterized by the coolant temperature T2 and heat trans-
fer coefficient h2. Assuming uniform thermophysical properties, the
one-dimensional steady heat conduction equation governing the
system is

d2T

dx2
� _q

k
� 0 (2)

and the corresponding boundary conditions are

k
dT

dx
�x� 0� � h1�T�x� 0� � T1� (3)

k
dT

dx
�x� L� � �h2�T�x� L� � T2� (4)

The problem can be rendered dimensionless by defining

�� T � Tr
T1 � Tr

; X� x=L; Bi1 �
h1L

k
; Bi2 �

h2L

k

�� T2 � Tr
T1 � Tr

; Q� _qrL
2

k�T1 � Tr�
; a� ��T1 � Tr� (5)

Substituting Eq. (5) into Eqs. (2–4), we obtain

d2�

dX2
�Q�1� a�� � 0 (6)

with

d�

dX
� Bi1�� � 1�; at X� 0 (7)

d�

dX
��Bi2�� � ��; at X� 1 (8)

It is evident that � is a function ofX,Q, a,Bi1, �, andBi2. It would
be particularly interesting to study how the location of maximum
temperature in the slab is affected byparametersQ,a,Bi1,�, andBi2.

Equation (6) is a simple second-order linear nonhomogenous
ordinary differential equation. Its exact solution is given as

��X;Q> 0; a > 0� � ��1=a� � A sin�X
�������
Qa

p
� � B cos�X

�������
Qa

p
�
(9)

where A and B are constants to be determined from the boundary
conditions in Eqs. (7) and (8). Using a computer algebra package like
MAPLE [15], the values of A and B can be easily obtained as

A� �Bi1�Bi2 � Bi2�a � Bi2 cos�
�������
Qa

p
� � Bi2 cos�

�������
Qa

p
�a

� sin�
�������
Qa

p
�
�������
Qa

p
� sin�

�������
Qa

p
�
�������
Qa

p
a��=

�a�cos�
�������
Qa

p
�
�������
Qa

p
Bi1 � Bi2 sin�

�������
Qa

p
�Bi1

�
�������
Qa

p
Bi2 cos�

�������
Qa

p
� � sin�

�������
Qa

p
�Qa�� (10)

B� �
�������
Qa

p
Bi2 �

�������
Qa

p
Bi2�a� cos�

�������
Qa

p
�
�������
Qa

p
Bi1

� Bi2 sin�
�������
Qa

p
�Bi1 � cos�

�������
Qa

p
�
�������
Qa

p
aBi1

� Bi2 sin�
�������
Qa

p
�aBi1�=�a�cos�

�������
Qa

p
�
�������
Qa

p
Bi1

� Bi2 sin�
�������
Qa

p
�Bi1 �

�������
Qa

p
Bi2 cos�

�������
Qa

p
�

� sin�
�������
Qa

p
�Qa�� (11)

It is important to note that the temperature field solution in Eqs. (9–
11) is only valid for a > 0 and Q> 0. However, when a� 0 the
problem corresponds to the case of constant internal heat generation
and Eq. (6) then reduces to d2�=dX2 ��Q; its solution with respect
to the boundary conditions in Eqs. (7) and (8) becomes

��X;Q> 0; a� 0� � � 1

2
QX2

� 1

2

Bi1�2Q� 2Bi2�� Bi2Q� 2Bi2�X
Bi1 � Bi2 � Bi2Bi1

� 1

2

2Q� 2Bi1 � 2Bi2�� 2Bi2Bi1 � Bi2Q
Bi1 � Bi2 � Bi2Bi1

(12)

When Q� 0, the solution in Eq. (12) reduces to that of the
temperature field in a slab without internal heat generation and is
given by

��X;Q� 0� � 1

2

Bi1�2Bi2�� 2Bi2�X
Bi1 � Bi2 � Bi2Bi1

� 1

2

2Bi1 � 2Bi2�� 2Bi2Bi1
Bi1 � Bi2 � Bi2Bi1

(13)

The location of maximum temperature in the slab can be obtained
by differentiating Eqs. (9–13) with respect to X and setting the
derivative to zero.

III. Thermal Stability Criterion

The solution for the temperature field in the slab becomes infinite
if the denominator is zero [5]. Examination of the denominator of
Eq. (9) reveals that a finite solution exists if the following conditions
are met:

If aQ� Bi1Bi2; then
�������
aQ

p
≠ �2n� 1��=2n for integer n

(14)

If aQ ≠ Bi1Bi2; then tan
�������
aQ

p
≠
�Bi1 � Bi2�

�������
aQ
p

Qa � Bi1Bi2
(15)

Conditions (14) and (15) indicate that the thermal stability of the
slab depends not only on the heat generation parameters but also on
the thickness of the slab and its thermal conductivity, as well as the
parameters characterizing the convection processes. Moreover, it isFig. 1 Sketch of the physical model.
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interesting to note that the thermal stability of the slab without
internal heat generation or with constant internal heat generation, as
highlighted in Eqs. (12) and (13), depends only on the asymmetric
convective cooling parameters and is given by Bi1 � Bi2 ≠
�Bi1Bi2.

IV. Entropy Analysis

The study of entropy generation in conductive and convective
heat transfer processes has assumed considerable importance since
the pioneering work of Bejan [8]. Since then, numerous papers have
studied entropy generation in heat transfer processes, of which [9–
14] are a representative sample. On the other hand, studies of entropy
generation in pure conduction processes have been very limited. It
was therefore felt important to perform such calculations for the

present problem. The volumetric rate of entropy generation _S000 at any
location in a slab with internal heat generation is given by [10]

_S 000 �
k
�
dT
dx

�
2

T2
r

� _q

Tr
(16)

which may be integrated over the slab thickness to give the total
entropy generated in the slab as follows [4]

_S�
Z
L

0

_S000H dx (17)

where H is the slab area normal to the heat flow direction.
Equations (16) and (17) are expressed in dimensionless form as

Ns� L2T2
r
_S000

k�T1 � Tr�2
�
�
d�

dX

�
2

� Q
�
�1� a�� (18)

NT �
Z

1

0

Ns dX (19)

where�� �T1 � Tr�=Tr is the temperature difference parameter. In
Eq. (18), the first term due to temperature gradient can be assigned as
N1 and the second term due to internal heat generation as N2, that is,

N1 �
�
d�

dX

�
2

; N2 �
Q

�
�1� a�� (20)

To have an idea whether internal heat generation dominates over
heat transfer irreversibility or vice versa, we define the irreversibility
distribution ratio as�� N1=N2. Internal heat generation dominates
for 0 � �< 1 and heat transfer dominates when �> 1. The con-
tribution of both heat transfer and internal heat generation to entropy
production are equal when �� 1.

V. Results and Discussion

In this section, the numerical results for various physically relevant
values of the embedded parameters controlling the thermal system
under investigation are presented in Tables 1 and 2 and graphically in
Figs. 2–5. These results validate the analytical expression obtained
earlier in Secs. II, III, and IV.

A. Maximum Temperature Location

From a practical perspective, the knowledge of how the location of
the maximum temperature is affected by the various parameters is
important. It provides a better understanding of heat treatment
manufacturing processes in microtechnology and space vehicle
equipments, for which precise control of the location of the maxi-
mum temperature is required. This information for X is provided in
Table 1 for a fixed value of Bi2 � 1 and for various combination
values of parameters a, �,Q, and Bi1. The last column shows that X

increases with an increase in each of the parameters a, �,Q, andBi1.
Table 2 provides the data for X, illustrating the effect of variation of
Bi2 for a� 0:1, �� 0:1, Q� 1, and Bi1 �1. The value of Bi1 �
1 implies that the left face of the slab is at the temperature of its
surrounding coolant. AsBi2 increases,X decreases, whichmeans the
location of the maximum temperature moves closer to the left face of
the slab.

B. Effect of Various Parameters on Temperature Distribution

The effect of parameter a on the temperature distribution in the
slab is shown in Fig. 2a for identical Biot numbers on the two sides of
the slab, that is, Bi1 � Bi2 � 1, and the temperature asymmetry
parameter �� 0:1. The value of �� 0:1 indicates that the tem-
perature of the coolant on the right side of the slab is much lower
than the temperature of the coolant on the left side of the slab.
Consequently, more heat is dissipated from the right face of the slab,
as can be seen from larger temperature gradients at X � 1. The
parameter a is a measure of the strength of temperature dependency
of heat generation. For a� 0, the internal heat generation in the slab
is constant and a low slab temperature is observed. As a increases,
the temperature in the slab gets elevated throughout and the location
of the maximum temperature in the slab gradually shifts toward
the midpoint of the slab (X � 0:5). Figure 2b illustrates how the
temperature asymmetry parameter � affects the temperature
distribution in the slab for Bi1 � Bi2 � 1, a� 0:1, and Q� 1. The
slab temperature increases in an increasing value of �. As � increases
from 0.1 to 2, the temperature of the coolant on the right side of the
slab increases to a much higher level than the temperature of the
coolant on the left side of the slab and the location of the maximum
temperature shifts toward the right face of the slab. In Fig. 2c, the
effect of internal heat generation on the temperature profiles in the
slab is illustrated for Bi1 � Bi2 � 1, a� 0:1, and �� 0:1. When

Table 1 Computations showing the values of X at

which d�
dX� 0 for different parameter values (Bi2 � 1)

a � Q Bi1 X

0.1 0.1 1.0 1.0 0.23138
0.5 0.1 1.0 1.0 0.32944
0.7 0.1 1.0 1.0 0.36729
1.0 0.1 1.0 1.0 0.41502
0.1 1.0 1.0 1.0 0.50000
0.1 1.5 1.0 1.0 0.64019
0.1 2.0 1.0 1.0 0.77378
0.1 0.1 2.0 1.0 0.37313
0.1 0.1 3.0 1.0 0.42053
0.1 0.1 5.0 1.0 0.45858
0.1 0.1 1.0 2.0 0.27556
0.1 0.1 1.0 10 0.32520
0.1 0.1 1.0 100 0.33893
0.1 0.1 1.0 1 0.34052

Table 2 Computations showing the values of X at

which d�
dX� 0 (a� 0:1, �� 0:1, Q� 1, Bi1 �1)

Bi2 X

0.1 0.88325
0.2 0.78460
0.3 0.70029
0.4 0.62751
0.5 0.56410
0.6 0.50841
0.7 0.45914
0.8 0.41526
0.9 0.37594
1.0 0.34052
2.0 0.11606
3.0 0.00420
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Q� 0, no internal heat generation is present and a low slab
temperature is observed. As Q increases, the heat generation
becomes more intense and causes the temperature in the slab to
increase. Because T2 is much lower than T1, a larger portion of the
heat leaves the right face of the slab, as indicated by the larger
temperature gradients at X � 1. Figure 2d displays the temperature
profiles in the slab for increasing values ofBi1, with other parameters
fixed at a� 0:1, �� 0:1, Bi2 � 1, and Q� 1. As expected, the
effect of increasing Bi1 (i.e., increasing the heat transfer coefficient
h1) is to lower the temperature levels throughout the slab. Despite the
fact that h1 is equal to or greater than h2, the heat dissipation from the
right face is larger than that from the left face because T2 is much
lower than T1 in view of �� 0:1. Furthermore, the results in
Figs. 2a–2d are in agreement with the ones reported in [6,10,11].

C. Effect of Various Parameters on Local Entropy Generation Rate

Figure 3a shows the local entropy generation rate for increasing
values of Bi1, with the remaining parameters fixed at the values
indicated in the figure caption. The entropy generation is low at the
left face and high at the right face. The bulk of entropy generation
occurs in the right half of the slab because of the larger temperature
gradients created as a result of T2 being much lower than T1 and the
higher heat dissipation from the right face, as reported in Fig. 2d.
The minimum entropy generation decreases as Bi1 increases. The
minimum entropy generation occurs between X� 0:2 and 0.4,
depending on the value of Bi1. The local entropy generation rate for
increasing values of Q is shown in Fig. 3b. The entropy generation
rate steadily increases as one proceeds from the left face of the slab to
its right face. As the intensity of heat generation increases, that is,Q
increases, the entropy generation rate also increases. The effect of
temperature asymmetry parameter � on the entropy generation rate is
illustrated in Fig. 3c. Each curve shows that the entropy generation
rate decreases asX increases, reaches aminimum, and then increases.
The location of the minimum entropy generation rate shifts toward
the right face of the slab with an increasing value of �. The curves
tend to overlap in the regionX � 0:4 and 0.8. Figure 3d illustrates the
effect of temperature-dependent internal heat parameter a on the
local entropy generation rate. The entropy generation rate increases
as a increases. The entropy generation rate gradually decreases,
reaching aminimumvalue at some distance away from the left face of
the slab, and then increases toward the right face of the slab.

D. Effect of Various Parameters on Total Entropy Generated

The total entropy generated in the slab is plotted in Fig. 4a for
different values of parameter a. In each case the total entropy
generated initially decreases asBi1 increases and later approaches an
asymptotic value. As a increases, the total entropy generated in the
slab gets elevated throughout. Figure 4b illustrates the effect of
asymmetric convective cooling on the total entropy generated in
the slab. For Bi2 � 1 and 2, the total entropy generated initially
decreases as Bi1 increases but exhibits asymptotic behavior, as in
Fig. 4a. However, for Bi2 � 5 and 10, the pattern is reversed. The
entropy generated increases as Bi1 increases but the curves do
manifest asymptotic behavior. Moreover, it is noteworthy that, for
certain combinations of thermal parameters, the total entropy
generated in the slab with asymmetrical cooling is minimized. A
similar conclusion was reached by Ibanez et al. [10] for viscous flow
between parallel plates with asymmetric convective cooling at the
plate. The curves in Fig. 4c, which delineate the effect of coolant
temperature asymmetry, exhibit an interesting pattern for �� 1, 1.5,
and 2.0. For these values, the total entropy generated initially
decreases as Bi1 increases, reaches a minimum value, and then
increases to reach an asymptotic value. As � increases, the total
generated in the slab increases. Figure 4d shows the effect of
parameter Q on the total entropy generation. For Q� 0:1 and 0.5,
the total entropy generated increases as Bi1 increases but rapidly
approaches an asymptotic value. However, for Q� 0:7 and 1, the
total entropy generated decreases as Bi1 increases and reaches an
asymptotic value quickly.

Fig. 2 Temperature profile: a) Bi1 � 1; Bi2 � 1; �� 0:1; Q� 1; line:
a� 0; circles: a� 0:5; plus signs: a� 0:7; dots: a� 1. b) Bi1 � 1;

Bi2 � 1; a� 0:1;Q� 1; line:�� 0:1; circles:�� 1; plus signs:�� 1:5;
dots: �� 2. c) Bi1 � 1; Bi2 � 1; a� 0:1; �� 0:1; line: Q� 0; circles:

Q� 0:5; plus signs: Q� 0:7; dots: Q� 1. d) Q� 1; Bi2 � 1; a� 0:1;
�� 0:1; line:Bi1 � 1; circles:Bi1 � 2 plus signs:Bi1 � 5; dots:Bi1 � 10.
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Fig. 4 Total entropy generation: a) �� 1; Bi2 � 1; �� 0:1; Q� 1;
line: a� 0:1; circles: a� 0:5; plus signs: a� 0:7; dots: a� 1. b)�� 1;

Q� 1; a� 0:1; �� 0:1; line: Bi2 � 1; circles: Bi2 � 2; plus signs:

Bi2 � 5; dots: Bi2 � 10. c)�� 1; Bi2 � 1; a� 0:1;Q� 1; line: �� 0:1;
circles: �� 1; plus signs: �� 1:5; dots: �� 2. d) �� 1; Bi2 � 1;
a� 0:1; �� 0:1; line: Q� 0:1; circles: Q� 0:5; plus signs: Q� 0:7;
dots: Q� 1.

Fig. 3 Entropy generation rate: a) �� 1; Q� 1; Bi2 � 1; a� 0:1;
�� 0:1; line: Bi1 � 1; circles: Bi1 � 2; plus signs:Bi1 � 5; dots:

Bi1 � 10. b) �� 1; Bi1 � 1; Bi2 � 1; a� 0:1; �� 0:1; line: Q� 1;
circles: Q� 0:5; plus signs: Q� 0:7; dots: Q� 1. c) �� 1; Bi1 � 1;

Bi2 � 1; a� 0:1;Q� 1; line:�� 0:1; circles:�� 1; plus signs:�� 1:5;
dots: �� 2. d) �� 1; Bi1 � 1; Bi2 � 1; �� 0:1; Q� 1; line: a� 0:1;
circles: a� 0:5; plus signs: a� 0:7; dots: a� 1.
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E. Effect of Various Parameters on the Irreversibility

Distribution Ratio

The irreversibility distribution ratio between the entropy generated
by the temperature gradient and the internal heat generation across
the slab is displayed in Figs. 5a–5c. It is interesting to note that
internal heat generation irreversibility dominates almost the entire
slab. However, the dominant effect of internal heat generation

irreversibility is more pronounced towards the left face of the slab.
The dominant effect of heat transfer irreversibility is only apparent at
the right face of the slab with decreasing values ofQ and increasing
values of parameters a and Bi1.

VI. Conclusions

The evaluation of the entropy production rates in a slab with
asymmetric convective cooling and temperature-dependent internal
heat generation was carried out analytically. Closed-form analytical
solutions were obtained for the temperature field and the thermal
stability criterion. The volumetric entropy generation rate and
irreversibility ratio depend on the Biot number �Bi1; Bi2�, tempera-
ture asymmetry parameter (�), internal heat generation parameters
(Q), temperature-dependent internal heat parameter (a), and the slab
thickness (X). Our results reveal that the entropy generation rate in
the slab increases with an increase in parametric values ofQ, a, and
�. The internal heat generation irreversibility dominates almost the
entire slab. However, both the local and total entropy generation
rates in the slab can be minimized for certain combinations of the
heat transfer parameters. Finally, the geometrical configuration of
many heat conducting materials used in many engineering systems
such as space vehicles may be approximated with a solid slab,
in so far as their heat transfer characteristics are concerned. The
performance and optimum design of this material is enhanced
by the ability to identify clearly the source and location of entropy
generation for minimization purpose. In addition, the present paper
considers asymmetric convective boundary conditions at the two
faces of the slab and develops a new thermal stability criterion that is
not available elsewhere. Our results will no doubt be of engineering
interest.
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